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Abstract

In this paper, the performance of Energy Detection (ED) over k — u shadowed
fading channel is investigated using the Moment Generating Function (MGF) of the
received Signal-to-Noise Ratio (SNR). The x — u shadowed is a generic composite
fading channel of k¥ — pu fading and which represents the impact of multipath in line-of-
sight (LoS) communication scenario and Nakagami-m distribution. The study is then
extended to include Maximal Ratio Combining (MRC), Square Law Combining (SLC),
and Square Law Selection (SLS) diversity receivers. The simulation and numerical
results for the Complementary Receiver Operating Characteristics (CROC) and average
Area under the CROC (CAUC) curves are given for different scenarios and compared
with some previous works. These results show an improvement in the overall detection
capability of ED is noticed when the diversity receptions are employed. In contrast to
previous works which are limited by the values of the fading parameters, the proposed

approach is not restricted by any condition.

Keywords: Energy Detection (ED), k — u shadowed, Diversity Reception,
Complementary Receiver Operating Characteristics (CROC), Area under the CROC
(CAUC).
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1. Introduction

Spectrum sensing via Energy detection (ED) has been extensively used to detect
an unknown signals in cognitive radio (CR) and ultra-wide band (UWB) systems. This
is because it has lowest hardware complexity in comparison with other methods such
as the matched filter and the feature detection. Moreover, ED does not require any prior
information of the detecting signal and fading channel [1]. As ED is a non-coherent
detection device, its principle work based on evaluating the energy of the received
signal over a time window. Then, the results is compared with a predefined threshold
value to decide whether the unknown signal is present or absent [2].

In the open technical literature, the performance of ED over different fading
channels models has been widely studied using the probability distribution function
(PDF) of the received instantaneous signal to noise ratio (SNR). In the first analysis of
the performance of ED, the analytic expressions for the detection probability (P;) and
false alarm probability (Pr) over a flat band-limited Gaussian noise channel were
derived [3]. Then, the P, and P; over Nakagami, Rayleigh and Rice fading channels
were provided by depending on the results of [4]. After that, many studies for the
behavior of ED over different channels and diversity receptions schemes such as
maximal ratio combining (MRC), square law combining (SLC) and square law
selection (SLS) have been investigated in [1, 2, 5] and the references therein. Since, in
sometimes, the receiver operating characteristic (ROC) curve which is a plot of the
average P, against the Py does not give clear insight to the behavior of the system, the
average area under the ROC (AUC) curve is proposed as a single parameter to measure
the total detection capability of the ED [6]. The main advantage of the AUC is to
compare the detection performance of two schemes of ED at different SNR values. In
some cases, the PDF gives complex non-closed form expressions with infinite series
for the performance metrics, i.e., average P; and average AUC. Hence, the moment

generating function (MGF) which is the Laplace transform of the received
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instantaneous SNR has been proposed in [7, 8] as an alternative method to the PDF
approach.

Recently, many works have been done to analyze the performance of ED over
Kk — u fading channel that is suggested in [9] as a generalized fading distributions to
model the line-of-sight (LOS) communications scenario with better matching to the
practical measurements in comparison with Nakagami-m and Nakagami-n (Rice). For
example, the analytic expressions of the average P, of ED in k — u fading channels
with single receiver and independent and non-identically distributed (i.n.d.) SLS and
SLC diversity receivers are derived in [2] using the PDF of the SNR. However, the
results are expressed in multivariate hypergeometric functions that are not yet available
in mathematical software packages such as MATLAB and MATHEMATICA. Both the
average probability of detection and AUC for energy detector in non-identical k — u
fading channels with MRC, SLC, and SLS diversity schemes are investigated in [10,
11] using the derivative of the MGF approach. But the complexity of the calculation
becomes high when the number of diversity branches increases. The average AUC over
Kk — u fading channels for no diversity scenario is derived by employing the PDF of the
received instantaneous SNR [12]. Thus, these expressions are provided in terms of
hypergeometric functions such as Lauricella of multi-variable. In [13], different
analytic expressions for the average AUC with SLC scheme in identical x — u fading
channels are presented.

The wireless signal is also affected by the shadowing that cannot be ignored.
Hence, many efforts have been devoted to study the impact of the multipath fading and
shadowing simultaneously [14-19]. For instance, in [17-19], the behavior of ED over
Kk — u shadowed fading which is suggested in [20] as a composite distribution from the
Kk — u fading and Nakagami-m distribution that represents the shadowing impact, is
analyzed by using the PDF approach. However, the derived results in the
aforementioned references are included an infinite series which requires for a
convergence acceleration to find the number of terms that achieves a certain figure of
accuracy. Moreover, some of these analysis are employed the approximation in order
to obtain a closed-form expressions of the performance metrics. In addition, these
efforts do not include all the diversity reception schemes that are studied in this paper.

Motivated by there is no work has been achieved to study the behavior of ED

over k — u shadowed fading using a MGF of the SNR, we fill this gap by providing the
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analytic expressions for both the average probability of detection and AUC. The MGF
approach is utilized in this paper because it does not provide complicated expressions
with functions that are not yet implemented in MATLAB and MATHEMATICA
software packages. The analysis is then extended to include the MRC, SLC, and SLS
diversity reception techniques with independent and identically distributed (i.i.d.)
branches. In contrast to previous works which are applicable for specific scenarios that
are related to the values of the fading parameters such as Rician [1], Rician shadowed
[15, 16] and x — u [10-12] fading channels, our proposed approach is not restricted by
any condition. However, all the results that are obtained in the technical literature for
the performance of the ED can be evaluated by the derived expressions of this work

after substituting specific values of the fading parameters.

2. Energy Detection Model

At the receiver side, the received signal, r(t), follows a binary hypothesis: Ho
and H which represent the signal is absent and present, respectively [5].

_ (n(b), H
r() = { () +n(), . @

where h is the wireless channel gain, s(t) is the transmitted signal and n(t) is the noise
signal at the receiver side. This noise which is additive white Gaussian noise (AWGN)
is assumed to be a circularly symmetric complex Gaussian random variable with zero
mean and one-side for the power spectral density, N,.

As explained in [3-5], in the energy detector, the received signal is firstly filtered
with an ideal band-pass filter with bandwidth W to limit the noise power as well as to
normalize the noise variance. The signal is then squared and integrated over T time
interval to evaluate the test statistic, S. This test statistic follows a central chi-square
distribution with 2u (u is the integer time-bandwidth product) degrees of freedom under
hypothesis Ho or a non-central chi-square distribution with 2u degrees of freedom
under hypothesis Hi. After that, the test statistic is compared with a predefined
threshold value, A. The Py and P, can be calculated by Pr(S > A[H,) and Pr(S > A[H,),

respectively, as follows [5]:
A
r(w3)
I'(u)
Py = Qu(y/2r, VD) (3)

P = )
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where y = |h|2E;/N, is the instantaneous SNR, E is the transmitted signal energy,
I'(.) is the gamma function, T'(.,.) is the upper incomplete gamma function and
Q,.(.,.) is the uth order generalized Marcum-Q function.
3. The k¥ — u Shadowed Fading

In the k¥ — u shadowed fading, the Nakagami-m distribution is used instead of
the lognormal distribution to represent the shadowing impact on the received signal
because it leads to simple mathematical composite expressions. Thus, there are three
parameters in k — u shadowed fading which are k, i, and m. The former represents the
ratio between the total power of the dominant components and the total power of the
scattered waves whereas u and m stand for the number of the multipath clusters and the
shadowing severity index, respectively.

The MGF of the received instantaneous SNR over x — u shadowed fading

model is expressed as follows [20],

D
= 4
My (s) = (c1 + S)H™M(c, + )™ )

ubmm(1+)H _ u(1+k) . m

= c, =
yH(uc+mym 1 ¥ ' %7 uk+m

where D =

c; and y represents the average SNR.

4. Energy Detection with Single Receiver

4.1 Average Probability of Detection
The P, can be calculated by using the MGF of the SNR as follows [1]

A 2
_ ez e (1 1 e2” 4
Py =— SRR [ —
7 j2n I, y( x) x¥(1—x) X (5)

where R is a circular contour of radius r € [0, 1).
Substituting Eq.(4) in Eq.(5), the P; over xk — u shadowed fading channel can
be written as follows

_A
- De 2

P, =
7 2m(1 + c)Hm(1 + )™

35 91 (x) dx (6)
R

e2*

1 \H—m 1 \m -
xu—l‘(l—x)(x— ) (x— )
1+cq1 1+c2

where g, (x) =

To evaluate the contour integral in Eq.(6), the Residue theorem in the complex
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plane can be applied. The residue of general function g(x) with a poles at x = x,

(Res(g; zp)) inradius r € [0, 1) is expressed by

1 [d* (g(x)(x = x0))
(a—1)! dxa-1

Res(g; xo) = (7

X=Xo

The residue values can be exactly computed by MATLAB and MATHEMATICA
software packages.

If both u and m in Eq.(6) are integer numbers, i.e., pand m € Z*, the P, is

given in four cases as in Eq.(8). In this equation, ®, = Res(g;;0), P, =

1 1 . .
Res (gl’ﬁ) and &, = Res (gl’Tcz) are the residue of the function g,(z) at x = 0,

1 1 .
X = and x = —, respectively.

1+c¢q 1+c,
2
( De 2
A4+ ™A+ cy)™
p)
De 2 [
_ A4+cH)r ™A +c,)™
=) 2 (8)

De 2 [®; + D,] u < >m
1+ c)FmA +cy)mt 1 2 SHhH

_A
De 2

d,:
\ (1 +c)# ™A +c,)™ 2

[®y + D + Dy] u>uu>m

q)o"l‘cbz]: u>ll,ll£m

usuusm

It is noted that, when ¥ -0, m—> oo, u=m and pu=1 with some
mathematical manipulations, Eq.(8) is reduced to Nakagami-m fading [1, Egs.(16) and
(17)] with m is the severity fading index and Rayleigh fading [1, Eq.(18)], respectively.
Furthermore, Eq.(8) is equivalent to [15, EqQ. (17)] when m — oo and k = K which
represents the Rician shadowed fading and K is the shaping parameter. In addition,
Eq.(8) becomes identical to [1, Eq. (21)] when m = o and u = 1 with k = K, i.e.,

Rician fading. However, Eq.(8) is expressed in closed-form.
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4.2 Average Area under the ROC (AUC)
The A can be expressed by the MGF as follows [8]
1
_ 1 M, |1—=
A=- f V( x) dx 9)
j2m )i x%(2 —x)*(1 —x)

Plugging Eq.(4) into Eq.(9), the A over k — u shadowed fading channel can be
written as

A= b d
T j2n(1+ e (L cz)mjg,z ga(x)dx (10)

where g,(x) = ﬁgl(x).

The residue theorem is used again to calculate the contour integral in Eq.(10).

Accordingly, four different cases for the A over k — u shadowed channel are obtained

as in Eqg.(11). In equation, W, = Res(g,;0), W1=Res(gz;ﬁ) and ¥, =
1

1
and x =

1 . .
Res (gz,m) are the residue of the function g,(x) at x =0, x = Tl T

respectively.

( D

(1+ c)F™(1 + c)™ [Wo + W1 + W, [: u>pp>m
_] O+ Cl)#_%(l +c)™ [¥o + ¥, ]: u>ppusm
T (e LAl u<pp>m
D
| Tr @+ o 2 uSppu<m

It is observed that, when ¥ - 0 and m — co with some mathematical
operations, Eq.(11) gives [8, Eq.(5)] with u = m, i.e., Nakagami-m fading.
5. Energy Detection with Diversity Receivers
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5.1 Maximal Ratio Combining (MRC)

In MRC reception, each diversity branch is weighted via multiplying it by
factor. This factor is relative to the complex fading coefficient of the branch. If we
assume the number of the MRC branches is M, the instantaneous SNR at the output of

MRC combiner can be written as follows [1]

M
yMRC = Z Yi (12)
=1

1

where y; is the instantaneous SNR of ith branch.
The MGF of the received SNR of yR¢, M urc(s), over the MRC is given by [7]

u (13)
M e (s) = HMyi (s)
i=1
When all the diversity branches are i.i.d, y; =y, ... = y,. Therefore, yMR¢ =

My and hence, M’ mrc(s) for i.i.d k — pshadowed fading channels is expressed by

DM
" (e + )HET (g, + s5)lm

M ure(s) = (M, ()] (14)

The corresponding PH**¢ and Py'*¢ over AWGN channel with MRC scheme
are given by [5]

A
I'u,=
PMRC = %)2) and PYRC = g, (J2yMRC,\[2)  (15)

Comparing Egs.(14) and (15) with Egs.(4) and (3), one can see that the P; and
the A over k — u shadowed fading channels for MRC can be easily calculated by
Eqgs.(8) and (11), respectively after replacing D, u and m by D™, Mu and Mm,

respectively.
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5.2 Square Law Combining (SLC)

In this diversity reception technique, before the combining, the signal in each
branch is squared and integrated. Thus, the instantaneous SNR at the output the
combiner is evaluated by [5]

SLC —

14 Vi (16)

NgE

i=1

The MGF of ¢, M s1c(s), can be expressed by

M
M) = | | 2,690 (17)
i=1

Similar to the MRC diversity reception, when all the diversity branches are i.i.d,

the M, s.c(s) can be expressed by Eq.(13).

The corresponding P#*¢ and P§*¢ over AWGN channel with SLC scheme are given by [5]

(i) -
PfSLC _ T and P3LC = Qu (v 2ySLE, V) (18)

Comparing Eqgs.(17) and (18) with Egs.(13) and (15), one can observe that the
difference between the MRC and SLC schemes is the time-bandwidth product which is
u in MRC and Mu in SLC. Consequently, the P, and the A over k — u shadowed fading
channels with SLC can be computed by replacing u, D, u and m by Mu D, My and
Mm, respectively in Egs.(8) and (11), respectively.

5.3 Square Law Selection (SLS)

The principle work of SLS is based on selecting the branch of highest energy among

all branches. The P7** and P3"* over AWGN with SLS reception are expressed by [5]
2 M

r(w3)

and pSLS =1 — " 1-0,(/2y, V2 (19)
e ; [ [1-o.z V]

PP =1—-11-

The average probability of detection over i.i.d. k — u shadowed fading channels

with SLS receivers, P,°", can be evaluated by inserting Eq.(5) into PSS of Eq.(19).
Thus, this yields
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1 M
—SLS De 2
P =1—-]1- d
a j2m(1+ ¢ m(1 + cz)mﬂge 91(x) dx (20)

6. Simulation and Numerical Results

In this section, the simulation results are compared with the numerical results
using MATLAB software package as well as with some previous works in order to
verify the validation of the derived expressions. The simulation results are calculated
by Monte-Carlo simulation via generating 10° random variables for both x — u and
Nakagami-m fading distributions. These variables are then combined to obtain the
effect of the k — u shadowed fading channel. On the other hand, the numerical results
are evaluated by the derived Egs. (8) and (11) and other substitutions for the diversity
receptions schemes. In all provided figures, the lines represent the numerical results,
while the marks on the curves show the simulation.

Fig. (1) illustrates the complementary ROC (CROC) curve (P,q =1—P;
versus Pr) of ED in k — u shadowed fading for y = 7 dB, k = 5, u = 1 and different
values for u and m. In this figure, it is noted that when u or m increases, the detection
diversity becomes better and this leads to improve the detection capability of the ED.
In other words, the increasing in u and m result to large number of the multipath clusters
and less shadowing impact, respectively, at the receiver side. For example, at P, = 0.1
and m =1 (fixed), the P, for u =3 is approximately 11.65% less than the
corresponding value for 4 = 1. Moreover, when Pr = 0.1 and u = 1 (fixed), the Pra
for m = 3 is roughly 21.31% lower than the P,,; for m = 1. In this figure, the results
of this work for specific scenarios are consistent with their counterparts, namely, Rician
[1], Rician shadowed [15, 16], and x — u [10] fading conditions that can be obtained
by utilizingu = 1,andm — oo, u = 1,and m — oo, respectively. However, the derived
expressions in this paper can be employed for any values of fading parameters that are
restricted in [1, 10, 15, and 16].

The results of Fig. (1) are confirmed in Fig. (2) that shows the complementary
AUC (CAUC) curves (1 — A) against the average SNR over k — u shadowed fading.
But, the differences between the compared scenarios are clearer than that are provided
in Fig.(1). This proves the advantage of employing the AUC curve in the performance
analysis of ED. For instance, for the case y = 10 dB and m = 1 (fixed), the CAUC for
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u = 3 isnearly 32.49% less than for u = 1. Likewise, when u = 1 (fixed), the CAUC
form = 3 is about 39.72% lower than for the case of m = 1. The results for the special
scenarios of x — u shadowed fading that have been done previously are provided in
Fig. (2) and the reader can notice their matching with our analysis.

Figs. (3) and (4) explain the curves of the CROC and CAUC versus average
SNR, respectively, of ED single receiver, MRC, SLC,and SLSwithM = 2and M = 4
branches over i.i.d. k — u shadowed fading channels and ¥y = 5 dB (for Fig.(3)), k =
3, u=2,m=4, and u = 1. In addition, the behavior of ED under Rician, Rician
shadowed, and x — u is also demonstrated in these figures. As expected, the overall
detection capability of ED with diversity reception is better than the case of single
receiver. This is because the increasing in either the average SNR as in the MRC scheme
or the computed energy at the output of the combiner as in the SLC and SLS receivers.
Moreover, ED with the MRC diversity reception outperforms ED with the SLC and
SLS schemes. This refers to the high average SNR in the MRC scheme in comparison
with the SLC and SLS receivers in which the energy are evaluated at each branch before
the combining operation. Furthermore, the performance of ED with SLC is better than
that includes SLS scheme. The reason is as follows, in the SLS receivers, the branch
with highest energy is chosen as the total test statistic while in the SLC, all the diversity
branches are participated in computation of the test statistic. To obtain a good insight
about the behavior of ED with diversity receptions, some numerical examples are
provided as follows. For instance, in Fig. (3), the values of P, 4 at Py = 0.01 (fixed) for
single receiver, SLS, SLC, and MRC diversity schemes with M = 2 are approximately
0.6419, 0.5006, 0.4161, and 0.3156, respectively. One can see from Fig. (3) and Fig.
(4) that the performance of ED with MRC in k — u fading is better than the k — u
shadowed, Rician and Rician shadowed conditions. This is because in k — u fading,
u = 2 and m — oo whereas in k¥ — u shadowed, Rician and Rician shadowed, u = 2
andm =4, u=1andm — oo, and u = 1 and m = 4, respectively.

Figs. (5) and (6) demonstrate the behavior of ED versus the time-bandwidth
product, u, with M = 1, MRC, SLC, and SLS with M = 2 and M = 3 branches with
Pr = 0.1 (for Fig.(5)), y =3 dB, k =1, p = 4, and m = 2. As it is shown in both
figures, when u increases, a substantial degradation in both the P, and the A is observed.
This is because both the P; and the P, decrease when u increases. But, the P, decreases

slower than the Py, thus causing a reduction in the performance of the ED. The plot of
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the P, and the A against u is not given in the technical literature. Thus, there is no

comparison has been provided in Figs. (5) and (6) with previous works.

10°
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H=—e—p=1.m — o
I fo=3,m —
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10 1 1 1
107 10" 10°
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Fig. (1): CROC curves of ED in k — u shadowed fading channels for y = 7 dB,
k = 5, u = 1 and different values for u and m.
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Fig. (2): CAUC of ED against the average SNR, ¥, in k — u shadowed fading
channels for k = 5, u = 1 and different values for u and m.
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Fig. (3): CROC curves of ED for single receiver, MRC, SLC, and SLS with M =2
and M =4 ini.i.d. k — u shadowed fading channelsandy = 5dB, k = 3, u = 2,
m=4,andu = 1.
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Fig. (4): CAUC curves of ED versus the average SNR, ¥, for single receiver,
MRC, and SLC withM =2 and M =4 in i.i.d. k — u shadowed fading channels
andk=3, u=2,m=4,andu=1.
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Fig. (5): Average probability of detection, P4, of ED versus u for single receiver,
MRC, SLC, and SLSwith M =2 and M = 3 in i.i.d. k — u shadowed fading
channelsand Py = 0.1,y =3dB, k=1, u=4,and m = 2.
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Fig. (6): Average AUC, 4, of ED versus u for single receiver, MRC, and SLC
with M =2 and M =3 ini.i.d. kK — u shadowed fading channels and ¥ = 3 dB,
k=1, u=4andm= 2.
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6. Conclusions

In this paper, we have extensively analyzed the performance of ED over k — u
shadowed fading channels with no diversity, MRC, SLC and SLS receivers. Both the
average P, and the average AUC were derived in simple exact analytic expressions
using the MGF approach. The residue theorem was used to compute the contour integral
for the average P, and the average AUC. From the results, we noted that the detection
capability improves when p or/and m increase. The parameter u has higher impact on
the detectability of ED in comparison with m. Moreover, the ED with MRC has better
performance than SLC and SLS. These results can be employed to obtain on good
insight about the behavior of ED over different composite fading channels such as
Rician shadowed fading with better fitting to the practical measurements than the

conventional counterparts.
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